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: SINGULAR PERTURBATIONS AND
) MINIMUM FUEL SPACE TRATECTORIES
ABSTRACT
: A number of examples are given of the use ot «ing utor perturbation .
theory in space trajectory optimization, Singular perturboaon prohjems
hove resulted from the use of four different smudl par. neters, These
parameters are 1) the mass of the launch, target, or @ wingby planet, 3
: 2) the reciprocal of the thrust {for high thrust rockets, 3) the thrust for
’ Jow thrust rockets, and 4) the reciprocal of the transfer time,
|
A by T.N. Fdelbaum
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SINGULAR PERTURBATIONS AND
LINIMUM FUEL SPACE TRAJECTORIES

by

T.N. Fdelhaum

INTRODUCTION

The theory of nuntmum fucl space trajectories was originally devel -
oped by Lawden in the carly mneteen fifties,  Fer trajectories in three
spatial dimensions the nonlinear equations of state are of seventh order,

: . - - o .f )
F v gib, )4 m (1)
i

(3)
oz f < f

max

In these equations T is the position vector, § is the gravitational accel-
eration, { 18 the rocket thrust, m is the mass, and c¢ is the constant
exhaust velocity of the recket, Lawden expressed the necessary conlitions
in terms of the adjoint vector for velocity, ), which he called the primer
vecior (Ref, 1), The Hamiltonian for this problem may be written as Eq, 4
where ¢ 18 the adjoint variable for mass,

e d -2y 4T 5-3-F 3)
H = (\ = EFEE N W (
Ir: this equation the maximum principle has already been used to optimize

the thrust direction by pointing it in the direction of the primer vector,
The adjoint equations are given by equations (5) and (6).,

2 =28 (5)
ar
6:_._‘ (6)
m2

The Hamiltonian is linear in the thrust magmitude, so the optimal mug-
ditude of the thrust depends on the sign of the switching function,

x-!’-é-"-<0 £ =0 ' (M
x--"—c’l’-=o o:rsrm;x (i)
1
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S ontinal trajectory will usunlly consist of a sequence 6f coasting
: St eavimum thrast arcs, A topieal ime history of ) and gin ¢
{. Gt e tragectory with three thrashing periods s shown an ihe
eonortion of Fig. 1o During the coastng ates om/c will be constant,
i poncr vector has @ stationary maaxinium during the imtecior throsting
Toon wall alwavs be true for abointerior are as the pranmer vector is
Contitaon s throurh several time derivatives (g, 5),

IMPULSIVIE. TRAJECTORIES

aw Jon consadered the case where lm,” 16 allowed to beeome infinite,

bty G oampalnive changes in velocity,  Across such a velocity impulse
the mess will change by a firate amount gieen oy g, 10,
f:.\"
m e
._.2. &G $ (10)
)

Law.den derived the pecessary cenditions for impulsive trajectories by
a luniting arpument (Ref, 1), It s mteresung that he obtained the col rect
condition even though his work predated the maximum principle, In fact,
the empalswve case i5 of such a nature thet the standard maxunum principle
s not applicable, In recent years Lawden's recolts have been rigorously
vesfied by Neustadt, Rishel, and Warpa (Kefs, 2, 3, 4),

1f the thrust s atlowed to become undbounded m/c becomes a con-
stant of the motion which may be taken as umty. The thrust is applied only
when the primer vector has umt magnitude, The pruney vector caniot
exceed unity en an optimal trajectory, The Hamiltenan s only delined on
the open interval from the initial time to the final tunce for fixed time prob-
lems. A typical primer vector history for a fixed-time three-impulse
trajectory is shown in the lower part of Fug, 1.

Aithough the impulsive case can be treated by the extensions of the
maximum principle in Refs, 2-4, Jack Warga has suggested 2 simple
regularizing transformation which allows the erdinary form of the maxi-
mum principle to be used, Define a new independent variable ¢ and a
new control variable u by Eqs, 11 and 12,

dr = (1 +-ﬁf7»dt (1)

fu*

R TR |

(12)

When u is equal to its maximum value u* the thrust is infinite, Eq. 13,

SRR Tl (13)

m 1 u
*® omp
u-

)

The Hamiltonian for the new variables is giveﬁ'by Eq. 14,

ﬂ,=u-nu+u~a‘-§)a-i-i-%) (14)

The conventional form of the maximum p:inciple can be uscd for this now
Harmiltoman, The Hamiltonian 15 now refined on the closed interval from
the tinitial to the final time.
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Toe extremals perhborimg an optunum unpulsive teajeetory provie. -,
{ nteresting example of & sinpular perturbation problem, I the ynoman
1 cxtremal bay two or more unpulscs, ten neighboving extremals  wath
! surne puinber of impulees will exist Qief, 5 However, near the end o
i

any exteemal only one impulse wiill remain on the nominal extremal,

Newghbormg extromals to tius sinpgle imipulse nommal trigectory may

require 4as maoy as three small midconrse impulses (0 mieet the desieed

terminal conditions,  While the naghboring extremals only involve sinl)

: variations in the state, they obviously require Yarpe variations 1 the

O adyont cquatiens,  The primer vector magmtode will be required to gofrom
‘ a smpgle endpoint maximam to as wany as three imitia! and/or nteriore

maxuma and an endpoint masimuam, all of vt magnitade,

If the nominal extremal bas » finite bound on thrust magnitede and «
single coasting ave followed by a single maximum thrust ave, then neichiboe-
ing extremals with the same sequence of arcs will gencerally exist,  low-
ever, the region covered by these neighboring extremals may be very smail

fhe

ey L iy n

SINGULAR EXTREMALS

B

The case where the switching function remaine ir!:-n‘.ir-:“;i': LUTO Over o

finite time interval leads to what are known as sivealar ares oot the
| classical caleulus of variations and modern L()llt!(.n theo .? Lhousane of
- aee the term s nmular may be distinet from its usage in xt., wher perturba- 3
F 3 tion theory'. llowever, singular extremals do form a maninl i of lower
{ e dimensionality than do the non-sinpular extremals sr.vm-ig!;!n_wn..:r-::!rcrr':,i.:-
: do involve a singular perturbation,
= The thmry of singular extremals s developing rapidly at the present
b time (Refs, 6-9), Ref. 6 shuws that junctions between singular and non-

singular extremals for bounded thrust rocket trajectories are very complex,

§ ‘I'ne jJunctions involve a well defined infinite sequence of maximum thrust

g and coasting arcs whose limit point 16 the beginning of the intermediate

1 ] thrust # ngular arc, What is surprising is that if the bound on thrust is

remove . ‘hen there can be a simple junction between an impulse and a

i singular urc., Robbin's demonstration of the existance of minimizing sing-
ular arcs in an inverse square ficld 1s of great theoretical interest and

might eventually prove to have practical consequences (Ref, 10),

LARGE THRUST TRAJECTORIES

Inpulsive thrust extremals are rmauch easier to calculate than finite
thrust extremals., As d result it is often desirable to calculate finite
thrust trajectories as a singular perturbation of impulsive trajectories,
Practical theories for this problem have been developed by Robbins,
Hazelriggand Lion, and Andrus, Refs, 11-13, These analyses are usable
as long as the thrusting time is not too long. Their range of validity
cowncides with a large class of practical prokl.ms,

AL W . i R

e

o g

SWINGBY TRAJECTORIES

The masses of the planots are quite small compared to the mass of the
sun, However, a close approach to a planet can strongly perturb a Helio- .
centric trajectory. Tiese close planctary approaches can often decreasce
the flight time and/nr the fucl consumption for interplanetary missions. A
typical examplc is shown in Fig, 2. This is a 3,33 year trajectory to
Saturn which passes Jupiter at 5 pl.mvtary radii after 1,55 years. Except
for puidance corrections, the vehicle is in a free coasting orbit after lcav-
ing the Eurth, A direct fhght to Saturn would require a larger launch

energy even if the flight time was greatly increased. The effect of Jupiter

e g M o e e
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s eceample s so larpe that it chinzes the hehocentrie teajec s (e
eowath an cocentriaty of 0, 786 to a hyperbola with an ecoooentrio o,

An cecueate and useful theory has been developed for these problom -
PBrostowed) and Perko (Ref, 14), ‘This theory has been constracted by
the etho ) of matehed asymptotie expansions,  The intcer solutions cons:
cioplanctcentrie hyporbola's which are perturbed by the sun while the oute:

datvers cov st of elocentrie conies perturbed by the plunets, The

2 3/2 :
selution contans terms of order c”“. e, and ¢/ " and is in crror by
)
terrns of e oo e, The small parameter € is the ratio of the plinetary
mass to the solar mass,

oy

s theory has been devejoped for (ne unpowercd, ballistic case
Powever, 1t can ciast!y he extended to handle optimum impulsive trajyec-
torieas, The Breakwell-Perkn theory can also handle lunar trajectories
altheuch the errors in this case are large enough to be significant,

A terent sinpular perturbation approach to lunar trajectorics was
developed earlier by Revorkian and vanious cowerkers (e, g, Ref, 15H),
This thoory uses a near rectilincar carthi-moon trajoectory as the outer
sajution., ‘The accuracy of this theory 15 comparable to the Breakwell-
Verko theory, It has recently been shown to yield many of the qualitative
propertics of earth-moon trajectorics (Ref, 16),

LONG LURATION TRAJECTORILES

The theory of wammum fuel impulsive orbat transfer in an inve ¢
sauare Held has been extensively developed, particularly for the time
cpencase (Hef, 17), For some cases the absolute minimum fucl soletion
requares infinite time while in other cases the time involved is fimite, One
case where the optimum transfer time is almost always infinite 1s transfer
from an ellipse to a hyperbola (Ref. 18). In thesc cases a long transfer
time may be used to reduce the fuel consumption close to the abeolute min-
unum, A singular perturbation theory s being devcloped for these prob-
lems (Refs, 19, 20),

Figure 3 illusirates a four impulse transfer from an initial elliptic
orbit to a specified hvperbolic asymptote. The first (inpulse *ransfers
the vehicle from the initial ellipse onto a highly eccentric eilipse which
approximates a straight line in the outer region, The second and third
impulzes are used to change the orientaticn of this highly eccentric cllipse
and to reduce its perigee radius to the minimum allowable, A fourth
impulse then transfers the vehicle onto the escape hyperbola,

The solution is developed as an asymptotic serics in inverse third
powers of the time between the first and fourth impulses, The magnitude
of the first and fourtn impulses involve terms of order unity and minus
two-thirds, The magnitude of the second and third impulses involve terms
6! order minus one-third and minus two-thirds, ‘The location and uirec-
tions of the impulses are also developed as asymptotic series,

LLOW THRUST TRAJECTORIES

Oue class of space propulsion devices is characterized by very smal!
accelerations on the order of one ten-thousandth of the standard acceler-
atien of pravity, For these electric propulsion devites, the thrust may
be reparded as a small parameter, at least in the close vicinity of plan s,

The method of averaging may be used to treat these problems (Refs,
21-23). A variation of parameters formnlation is ased with the conven-

4
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' H Fooihiptn orbat cloments hemg the slowly varying parametees, b

" cooaoproninttion the order s reduted becanse the position in b

{ ; Cape toat, By poang to the nuproved fiest approstnation (e,

i witel concuders fiest order periodie as well as secular terins, the op
_ ? Lo boean be ranteoduced nte the probloem, Figs 4 allasteates o non,
; ‘ : b dred tape transfer botween two coplanar elhiptic oriat.,
N " .
v , LOW THREUST PSCAPE TRAJECTORIES

o : = i

?f.'; A 1von electric preopalsion system s to be used for interplanetiry mis -
i Grer ot napeht st be placed iaa low altitude civeolar orhit and allowe "
', G slowly away trom the carth or it might be injected onto o hypers

o e —
T8 e e S g ' N O e M ot e

YT o R
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i 5

bolic webtt wheoh rapedty takes it into anterplanctary space,  Both possibal-
ities are ilasteated m l"l[',. 5

Phie

The coce of a crrceudar it ial orbit has been treated niost thoroughi: by

ahweell and Rauch efs, 24-26), They asymptotically mateh an analst-

ceal nner solution with & numerically determined intermediate solution cnd
an anadytical oater solution,

The case of a hyperbolic intial orbit has been treated by Melbourne

and Sqaner (Ref, 27), and by Edelbaum (Ref, 28),  In this case the anner
sclution s an unpowered hvperbola, By approximating the tryjector: as
bein cssentially radial an analytic solution is oblained for the effect of the
pl et on the hehiocenutric trajectory,

9,

10,
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